We use the methods developed in [2] , [3] , [4] to solve the isomorphism problem of unitary forms of infinite split Kac-Moody groups over finite fields of order q 2 for prime powers q ∈ {2, 3, 5, 7}.
commutes for every i ∈ S, where β := δ • σ • ν • ϕ.
Corollary (Strong rigidity). Let q, r be prime powers and let G and G
′ be split Kac-Moody groups over F q 2 , resp. F r 2 . Assume q ∈ {2, 3, 5, 7} and let K, K ′ be unitary forms of G, resp. G ′ . Then to any isomorphism ϕ : K → K ′ there exists an isomorphism ψ : G → G ′ satisfying ψ| K = ϕ.
Our proof of the Main Result makes serious use of knowledge of automorphisms of Kac-Moody groups (cf. [2] , [3] , [4] ) and of algebraic groups (cf. [14] , [15] ). Throughout the paper we assume the reader is familiar with Kac-Moody groups and their buildings as described, for instance, in [2, chapter 1] . Section 2 may serve as a very quick reminder about these concepts. In section 3 we collect information about conjugation, regularity and coregularity, and in section 4 we prove the Main Result.
This note can be considered as being part of an ongoing project of understanding unitary forms of Kac-Moody groups over finite fields. Until now one knows the following:
• For sufficiently large q these unitary forms are lattices in certain locally compact groups (cf.
[10]).
• These unitary forms admit Steinberg-type finite presentations by generators and relations (based on [7] and as yet unpublished work by Hoffman, Mühlherr, Shpectorov and the first author).
• For sufficiently large q unitary forms of affine Kac-Moody groups over finite fields of typẽ A n are of finiteness type F n−1 but not F n (cf. [8] ).
In our opinion it would be of particular interest to understand the commensurator and the representation theory of unitary forms of Kac-Moody groups over finite fields. Another very interesting question is whether or not superrigidity holds for these lattices.
These decompositions allow one to define a twin building ((∆ + , δ + ), (∆ − , δ − ), δ * ) associated to G as follows. Let ∆ ε := G/B ε , let
and let
See [17] for details on twin buildings.
We recall that a split Kac-Moody group G can be defined functorially, cf. [13, chapter 8] , [16] . In particular, for each s ∈ S there exists an embedding ϕ s :
A subgroup H of G is called diagonalisable if it stabilises a pair of opposite chambers of the associated twin building. A diagonalisable subgroup is called regular if the fixed point set of the action of H on this twin building is a single twin apartment. If the field underlying G has at least four elements, then the fundamental torus T of G is regular, cf. [2, section 4.2.4].
Finally, let G be a split Kac-Moody group over the field F q 2 , let ω be the Chevalley involution of G, cf. [2, chapter 8] , [12, section 2] , and let θ be the composition of ω and the field involution of F q 2 , called twisted Chevalley involution. The fixed point group K := {g ∈ G | θ(g) = g} is called the unitary form of G with respect to θ. This group is the analogue of the group studied in [12, section 5] ; some of its properties have already been studied in [10] . In this note we will study automorphisms and isomorphisms of such groups.
For each s ∈ S, the intersection ϕ s (SL 2 (F q 2 )) ∩ K is isomorphic to SU 2 (F q 2 ). The involution θ induces an involution of ϕ s (SL 2 (F q 2 )) which pulls back to the composition of the contragredient automorphism of SL 2 (F q 2 ) with the field involution.
Conjugation, regularity and coregularity
In this section let G be a split Kac-Moody group over F q 2 , let T be its fundamental torus, let (W, S) be the corresponding Coxeter system, let θ be a twisted Chevalley involution, and let K be the unitary form of G with respect to θ. Denote by G, T the corresponding Kac-Moody group, resp. torus over the algebraic closure F q 2 . The intersection T K := T ∩ K is called the fundamental torus of K. A conjugate of T K in K is called a maximal torus of K. Since the field involution of F q 2 equals raising to the qth power, the group T K has order (q + 1) |S| .
Proposition 3.2. The following hold:
(i) The torus T K is a diagonalisable, regular subgroup of G.
(ii) Any two abelian subgroups of K of order |T K | are conjugate in K.
Proof. Since T is diagonalisable, so is T K . Moreover, it follows from [2, lemmas 4.8, 4.9 (iii)] that T K is regular. This proves the first assertion. Let H be an abelian subgroup of K of order |T K |. Since |T K | = (q+1) |S| is prime to q, proposition 3.1 implies that H is G-conjugate to a subgroup of the fundamental torus T of G. Since F q 2 has a unique subfield of order q 2 and since the multiplicative group of F q 2 is cyclic, the group T K is the unique subgroup of T of order 
; here c g ∈ Aut(G) denotes the inner automorphism x → gxg −1 . As both θ and inn(g)•θ •c g −1 centralise gHg −1 and since the norm
) is a homomorphism from the group {g ∈ G | gθ(g −1 ) ∈ Z(G)} to Z(G) with kernel K. Hence the fundamental theorem of homomorphisms of groups implies gh ∈ K · Z(G). This means H is in fact a K · Z(G)-conjugate, whence a K-conjugate of T K . Assertion (ii) follows.
Proposition 3.3. Let H be a subgroup of T and let (U α ) α∈Φ be the root group datum associated to G, cf. [2] . Define We call a diagonalisable subgroup H of G coregular if it is not regular and the Weyl group of the induced root group datum (U α ) α∈Φ H is a free product of groups of order two.
Lemma 3.4. Let q ∈ {2, 3, 5, 7} be a prime power. Then for all s ∈ S the centraliser of
). Since q ∈ {2, 3, 5, 7} implies q + 1 ≥ 5 for even q and q + 1 ≥ 10 for odd q, it follows from [2, lemma 4.9 (iii)] that C TK (K s ) is coregular; note the last paragraph of the proof of [2, lemma 4.9 (iii)].
Lemma 3.5. Let ϕ be an automorphism of SU 2 (F q 2 ). Then ϕ can be written as the product of an inner automorphism, a field automorphism, and a diagonal automorphism of the form
Proof. See [14] .
Isomorphisms
In this section again let G be a split Kac-Moody group over F q 2 , let T be its fundamental torus, let (W, S) be the corresponding Coxeter system, let θ be a twisted Chevalley involution, and let K be a unitary form of G with respect to θ. Proof. If p = char(F q 2 ), then the set of orders of finite p-subgroups of K is bounded by [4, proposition 6.2] . Assume p = char(F q 2 ). Since K is infinite and F is finite, the Weyl group W is infinite so that the set {l(δ 
Then there exist an element n ∈ N K ′ (T K ′ ), a bijection π : S → S ′ and for all i ∈ S an automorphism γ i of SU 2 (F q 2 ), normalising the fundamental torus, such that the diagram
Moreover, we have a ij = a ′ π(i)π(j) for all i, j ∈ S. Proof. Since conjugation cannot permute direct factors, we may assume without loss of generality that the generalised Cartan matrices A and A ′ are indecomposable. Let D and D ′ be the KacMoody root data corresponding to the groups G and G ′ and let W and W ′ be the Weyl groups of D and D ′ , respectively. Moreover, let
be the union of the W -and W ′ -orbits of the fundamental roots of D and D ′ , respectively. Given an element α ∈ Ω, let w ∈ W and i ∈ S such that α = w.α i . Define the subgroup K α := ϕ α (SU 2 (F q 2 )) := w(ϕ i (SU 2 (F q 2 )))w −1 to be the conjugate by w. Note that K α depends only on the choice of α and is independent of w and i. Since −α = w.(−α i ), we have that
′ and all observations we have just made hold analogously.
By assumption ϕ maps K α to a group K ′ β ′ for some β ′ ∈ Ω ′ . This means that ϕ induces a map π between pairs of opposite roots of the root systems. As ϕ is invertible, so is π. In particular, the map π between pairs of opposite roots of the root systems is bijective.
By proposition 3.2 the isomorphism ϕ maps the fundamental torus T K of K to a maximal torus of K ′ . However, if ϕ(T K ) = T K ′ , the torus ϕ(T K ) would not be invariant under the action of the Weyl group N K ′ (T K ′ )/T K ′ , which is impossible in view of the hypothesis
We will now construct a bijection f between Ω and Ω ′ which is π 1 -equivariant, i.e. which satisfies f (w(α)) = π 1 (w)f (α) for all α ∈ Ω and all w ∈ W . Let i ∈ S and α i as above. Choose β
commutes. This enables us to apply lemma 3.5, which in this setting implies that there exists a unique inner automorphism ι i of SU 2 (F q 2 ) which is either trivial or conjugation by 0 1 −1 0 , such that the composition γ i • ι i is a diagonal automorphism. This means in standard terminology that γ i is diagonal-by-sign. Using this construction, we can define
Now we can extend the assignment α i → f (α i ) in a Z-linear fashion to the whole of Ω, yielding a bijection of Ω onto Ω ′ . By the way we constructed f , it is easily verified that it is π 1 -equivariant. This construction also preserves the relation between roots and coroots, which means that the equation
holds for all i, j ∈ S. This observation in turn implies that the image of the set {α i | i ∈ S} is a root basis for Ω ′ . Hence there exists an induced bijection of the index sets π : S → S ′ such that the entries of the generalised Cartan matrices satisfy a ij = a ′ π(i)π(j) , as claimed. Moreover, it follows from [11, proposition 5.9 ] that any two such root bases are conjugate by W ′ . As we have seen above, we may need to change the sign if necessary. Thus, we can choose w ∈ W ′ and
If we denote by n ∈ N K ′ (T K ′ ) the element corresponding to w, i.e. n · T K ′ = w, then we see that the isomorphism c n • ϕ maps the groups of the form K αi to K Proof of the Main Result. Let F be the field underlying the unitary form K and let F ′ be the field underlying the unitary form K ′ . By corollary 4.2 the finite fields F and F ′ have equal characteristics. Let H = T K and H ′ = T K ′ . By the Bruhat-Tits fixed point theorem (cf. [6, Corollary 11.9]) a subgroup of K has a bounded orbit on the Davis realisation |∆ + | if and only if it is finite, because the stabilisers in K of spherical residues of ∆ + are finite. The isomorphism ϕ maps the maximal subgroups with bounded orbit of K containing H onto the maximal subgroups with bounded orbit of K ′ containing ϕ(H). Analysis of the isomorphisms between such maximal subgroups with bounded orbit implies F = F ′ , because the characteristics of F and F ′ coincide. Hence there exists a prime power q such that
Given an index i ∈ S, let K i := ϕ i (SU 2 (F q 2 )) and let H i be its centraliser in H. Lemma 3.4 implies that H i is coregular. Moreover, proposition 3.3 implies that the group C G (H i ) is endowed with an F q 2 -locally split twin root datum such that the Weyl group is a free product of groups of order two. Using [2, proposition 4.6 (v)], we obtain
Hi . Let ∆ = (∆ + , ∆ − , δ * ) be the standard twin building associated to G Hi = C G (H i ). The geometric realisation |∆| of the building ∆ is a twin tree, because the Weyl group W Hi is a free product of groups of order two due to coregularity. In particular, |∆| is one-dimensional.
By definition of regularity, the set of fixed points of ∆ under the action of H coincides with some twin apartment A of ∆. The next step will be to show that K fixes no end of |∆ ε |, ε ∈ {+, −}. Suppose the contrary and let x be an end of |∆ ε | which is fixed under the action of K. Then, as H ≤ K, the end x is also fixed by H. As H fixes only a twin apartment, we get that x must be an end of the twin apartment A. Consider the element µ := ϕ i 0 1 −1 0 ∈ K, which has order four. A calculation shows that for all h ∈ H one has that µhµ −1 = h −1 . This means in particular that µ normalises H. An element normalising H must also stabilise the twin apartment A. However, as the group H ∪ {µ} is not abelian and the stabiliser of A is abelian, it acts non-trivially on A. As remarked, µ has finite order, hence it acts as a reflection on A because every other element has infinite order as W Hi is the free product of groups of order two. This implies that µ has a unique fixed point in |A|. Additionally, by assumption it fixes an end of |∆ ε |. This yields more fixed points, as trees are connected, a contradiction. Hence H cannot fix any end of |∆| and neither can K.
Next we prove that, if K fixes a chamber x of the building ∆ ε , then it fixes every panel in ∆ ε containing x pointwise. Indeed, let P be a panel containing x. By [13] , we have Stab G H i (P ) = L ⋉ U (P ), where U (P ) is the unipotent radical which acts trivially on P . By [1, section 7] there are the following possibilities for the Levi factor L. Either L ∩ K is isomorphic to a subgroup of SU 2 (F q 2 ), which means that L ∩ K fixes an isotropic or an anisotropic one-dimensional subspace of the natural module of SU 2 (F q 2 ), or L ∩ K is an isometry group of a two-dimensional form with a one-dimensional radical. In both cases, L ∩ K is soluble. If K fixes x, then any of the K j , j ∈ S, fixes x. Hence K j is contained in Stab G H i (P ). Since K j is perfect and K ∩ L is soluble, the image of K j under the canonical projection Stab
Hence the action of K j on P is trivial, whence K stabilises P pointwise. Altogether, K cannot fix any chamber inside ∆ ε , because otherwise connectedness of ∆ ε would imply that K acts trivially on ∆ ε , contradicting the fact that the K j are not abelian.
There exist two obvious panels P i and θ(P i ) which are fixed by the group K i . Each of these panels is the unique panel fixed by K i in ∆ + , resp. ∆ − . Indeed, assume there were another panel Q fixed by K i . Consider the projection of Q onto P i . This projection cannot be surjective, as the geometric realisation |∆ + | is a tree. Hence the image of Q under the projection to P i is a single chamber. The fact that K i stabilises both P i and Q implies the existence of a chamber fixed by K i , a contradiction to our observations in the preceding paragraph.
Let (α, −α) be the twin root of the apartment A corresponding to the panels P i and θ(P i ). Up to conjugation by an element in N K (T K ) we may assume that α is a simple root. By construction K i ≤ L α := Stab G H i (P i ) ∩ Stab G H i (θ(P i )). As K i is perfect, it is contained in the commutator X α := [L α , L α ]. The induced root system Φ Hi is a subsystem of Φ (see proposition 3.3) and by [2, lemma 1.3], the group X α coincides with the rank one subgroup determined by the root α. In particular, the only root subgroups of X α which are normalised by H are U α and U −α .
The isomorphism ϕ ′ maps the finite group H i to some finite subgroup of H ′ . It follows that ϕ ′ (C H (K i )) = C H ′ (ϕ ′ (K i )). Thus by lemma 3.4 also ϕ ′ (H i ) is coregular. Hence we can repeat all arguments given so far for the respective images under ϕ ′ in K ′ . This implies that ϕ ′ satisfies the assumptions of proposition 4.3. That proposition yields the desired result.
Remark 4.4. (i) By [10] for sufficiently large q the group K is a lattice in the completion G + of G with respect to the topology defined in [5] . It is an interesting question to determine the commensurator of K in G + .
(ii) The group K is not simple in general. Indeed, for q even, K contains a proper subgroup H which acts transitively on the set {c ∈ ∆ + | δ * (c, c θ ) = 1}. Hence K/H ∼ = Stab K (x)/Stab H (x) for x ∈ ∆ satisfying δ * (x, x θ ) = 1. Since Stab K (x) is finite, the group K contains a proper subgroup of finite index, whence a proper normal subgroup of finite index. We do not know whether K is virtually simple or not.
